DIRECT SUMMAND THEOREM BY ARC COHOMOLOGY

LONGKE TANG

The derived direct summand theorem is

Theorem 1. Let R be a regular ring and f: X — Spec R be proper surjective.
Then the natural map f*: R — RI'(X,Ox) splits in D(R).

In this note we give a quick proof of it with the theory developed in | .

Proof. We first make some reductions. Let Cy = cofib(f*) € D(R), then f deter-
mines a class af € Extl(C’f, R), and the theorem just says that ay = 0. From this
we know that the theorem is fpgc-local, so we can assume R is a complete regular
local ring with residue field k algebraically closed.

Now if chark = 0, then by Cohen structure theorem R = k[[z1,...,x,]]. By
Artin—Popescu approximation, R is a colimit of smooth k-algebras; also k is a
colimit of regular rings of finite type over Z; so R is a colimit of regular rings of
finite type over Z. The theorem can be obviously passed to limit, so it is reduced to
the case that R is finite type over Z; but now all the maximal ideals of R has residue
fields of positive characteristic, so we have reduced chark = 0 case to chark = p
case.

We also need some reductions about X. For g: Y — X with fg surjective, one
easily sees that the class oy, is carried to ay under the natural map Cy — Cjg4, so
the theorem about fg implies that about f. By this we can assume that X is integral
and f is generically finite. We can further assume that f is generically étale: if R =
E[[x1,...,xy,]] is of equal characteristic p, just base change to k[[x’fiN, e ,xf;NH
and then take the reduced scheme structure, for a sufficiently large N.

Now we arrive at the following situation: R is a complete regular local ring with
residue field k algebraically closed with characteristic p. X is an integral scheme
and f: X — R is proper surjective and generically étale. We need to prove that the
class a = ay € Ext'(Cf, R) = 0. By passage to limit one can take a nonzero r € R
so that Xpr, — Spec R, is already finite étale. Let X — SpecS — Spec R denote
the Stein factorization of f; then on Spec R,., the first arrow is an isomorphism and
the second is finite étale.

By Cohen structure theorem, R = W (k)[[z1,. .., s]]/E where E—p € (z1,...,Zy).
Let Ry = W(k)[[a? " ,...,a% "])/E and Re, = (colimy Ry)2. Then R., is a per-
fectoid ring p-completely faithfully flat over R. By | , Theorem 7.14], there
exists an absolutely integrally closed R’ that is p-completely faithfully flat over
Ro. Denote by X', 5, f/, o’ the base change to R’ of X, S, f,a, e.g. f’ is the com-
position X’ — Spec S’ — Spec R’. Take compatible p~-th roots of  in R’ denoted
7" and let (r? ) denote the ideal generated by them. Then (R, (r? ~)) is an
almost setting, denoted r-almost.

I claim that it suffices to prove that o’ is r-almost zero. In fact, by the faithful
flatness of R — R’ and Grothendieck coherence which implies that Cy € D(R) is
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bounded with finitely generated cohomology, we have
Exty (Cp, R') = Extp(Cy, R') = ExtR(Cy, R) ®p R,

so Anng (o) = Anng(a)R’. If o is r-almost zero, then Anng (o) D (P~ ), which
means that Anng (/)?" D rR’ and thus r € Anng(a)?" for every N. Since r # 0,
the Krull’s intersection theorem forces Anng(a) = 1, which means a = 0.

Finally we prove that o is r-almost zero, i.e. ' — RI'(X’, Ox/) splits in the
category of p-complete r-almost R’-complexes. We use the p-complete arc topol-
ogy. Since it is obviously finer than Zariski topology, we have a natural map
RI(X',Ox:) = RINX],., Oarc). Now it suffices to prove that R' — RI'(X],., Oarc)
is p-completely r-almost split. Let I denotes the ideal (7"p7oc )S’. At this stage, note
that since X’ — Spec S’ is proper and an isomorphism outside V' (I), the proof of
[ , Corollary 8.11] actually shows that the diagram

S’ RT(X.,c, Oarc)

perfd arc?

| !

(S//I)perfd — RF((X/ ><SpecS’ Spec S//I)arCaOarc)

is a pullback. The two lower modules are over S’/I, thus r-almost zero, so the
upper arrow is an 7-almost isomorphism. Now it remains to prove that R’ — S| 4
is p-completely r-almost split, but this follows from | , Theorem 10.9]. (]
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